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By MAUvRICE BARRON,’ ASCE 


of ‘skew on a a barrel arch ot or rigid frame evaluated 
The skew p 


= 


shew. For single- “span or -span structures with less ‘then 


structures with greater tha nan cri ical 


ae Baap an independent adjustment i is shown for analysis and design. er 
_ The practical significa nce of this development can better be appreciated if 


skew, no sis is ‘required. For 


one one considers the modern parkwa ay or expressway as a sinuous ribbon of co 


width. Tf the horizontal clearances are constant, ev very “overpass on 


y has the same square single-sp span or the « double- 


or skew, sometimes in 

rectangular structure becomes the parent a family of bridges. 


Another | feature of practical and theoretical : significance is ‘the | fact, that, 


‘the rectangular “structure, a ‘designer: may use any preferred of 


analysis an and design. ‘required, the ‘independent secondary analysis for skew 


The results obtained by this method have been compared with results 
- obtained by the analysis of existing structures designed by curren ae 
which i inv volve the numerical solution of several simultaneous equa 
a agreement is is convincing g evidence of the accuracy of the pro propo se 


a 


effects may be 


1, 1950. 
1 Farkas & Barron, Cons. Engrs., 


Roan Notre.—Written comme ar inv vite ublicat ussion should 


| 
‘e are used as primary | 
stresses. The procedure is extende f the areas and unit stresses 
and unit stresses are determined as functions of 
and unit stresses are are derived for all 
parkwa 
: 
| 
w York, N. Y. § 


Th INTRODUCTION 


"lems i in n the e economic ¢ planning and execution of projects. high 
,= 7 ‘speed through highway includes a minimum of three lanes in each direction, - - 
and safety considerations have brought about the center mall ‘Separating 

_ opposing traffic. @ Thus, the typical cross section will have a reasonable shoulder 7 

; on each side and two multiple- ‘lane roadways separated by a center mall . The 

highway will cross intersecting highways usually at some skew, the right- angle 

intersection being a rare exception. Therefore , the structure separating the 34 
"grades will usually be a skewed bridge - Maladjustment of -alinement to avoid 
skewed structures is not tolerated in current practice. The double-s -span rigid- 

> 7 frame bridge has become a recognized type of structure admirably suited to the 7 a 

. imposed conditions, the center mall being used to accommodate the center pier. os 

A single-span structure is used where no center mall is provided, at traffic © 


interchanges where center piers are undesirable, or where iene traffic is _ 


widely divided and two separate structures are indicated. 
In 1924, J. Charles Rathbun, M. ASCE, presented a pioneering paper? 


‘the theory of the skewed arch which demonstrated the derivation of the elastic — 
ce 1 equations for the fixed skewed arch. ring. _ Later, at the request of Arthur G. 7 
Hayden, M. ASCE, ‘Mr. Rathbun extended his theory to” include the elastic 
equations for the hinged concrete e rigid- frame. bridge. 
This extension was revised, adapted to office use, and first published by Mr. — 
“Hayden i in 1931.% numerical work required by this method is so difficult, 


a even for single- -span "structures, that the skewed fi frame or arch was often a 


abandoned in favor of more easily designed typ pes. s. A worthy step toward a — 
actics ] simplification for single-span skewed structures was incorporated in| 


Th e current theory i is so and the of computation required 
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Notation. —T he letter symbols introduced in this paper are defined w here 


they first a appear, in the text or in the ‘illustrations, and are assembled for 


reference alphabetically i in the Appendix. 


conv conventional structural analysis of hinged single- “span skew arches 


id-frame bridges" assumes a rectangular coordinate space ‘system with 
q enact force applied i in the noe of each of the three mutually ciel : 


‘Analysis of the Ring o ofaC ‘oncret te Skew Arch,’ by J Charles | Rathbun, 
= ASCE, Vol. LXXXVII, 1924, p. 611. * 


a Rigid-Frame Bridge,’’ by Arthur G. ‘Hayden, W & New Y Tork, N. Y., 1931. 


4“Simplified Anal of Skewed Reinforced Concrete Frames and Arches,” by Richard M. Hodges, 
Transactions, ASCE, Vol. 109, 1944, p. 913. 
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SKEWED BRIDGES 


. hee a statically determinate system. ‘This system is usually called the b base 
frame, transformed structure, or residual structure. For each redundant, an 


; elastic equation may be written so that, simultaneously, the e redundants satisfy 


satisfy the laws of static. 
7 Any structural system that is statically indeterminate to the nth degree © 
_ will have n redundants and the simultaneous s solution of n elastic equations is 

required to determine the redundants. dif the n redundants are removed and 
_ the structure is loaded, elastic deformations i in the direction opposite to each 
Tedundant will o occur. -redundants must produce equal and opposite 


deformations simultaneously i in each of the n directions. _ When n n is equal to 4 a 


| _ this condition may be w be written mathematically as as follows: ee =e 


va + + C bse + D dsa + do qa) 
+ Bis + + Diba + A. 


A + Bbw + C + D boa = ( 
da db T U de LY Oda 
Ink Eqs. 1 and 2: Symbols A, B, C, and D are the four redundants for a single-_ 
span, hinged skewed as shown i in Fig. 1; daa, Sse, daa, etc., denote the 
7 deformation at the point of application, and in the direction, of the redundant 
: indicated by the first subscript, due to a unit load (or r unit moment) acting — 
; at the point of application, and in the ‘direction, of the redundant indicated by | 


the second subseript; and Aa, As, and Ag the defor mation of 


Fig. a plan and sc square section of the residual ‘structure for an 
- “ai skewed arch . The right support is assumed to be sustained by a 
‘frictionless: ball and d socket on frictionless rollers. UA rigid (inelastic) bracket 
is attached to the residual structure above the ball and socket, and the bracket 7 
extends to the elastic center | which is the point of application of the redundant - - 
; BB. _ Each redundant is positive in the direction shown. The redundant A is, 
applied to the rigid bracket as shown in plan and section of Fig. 1. The re- 


dundant D is applied about the z-axis. i The redundant C is applied so 


yea axis, , and the redundant Bis applied to the bracket a at the el elastic center on 
the y-axis, 
left t support of the residual assumed to shaft that 


section at point ‘There are mutually perpenclar Y, and 


4 tm 
4 
| 
4 
— 
~ 
: 
— 
| 
— 
- redundants A, B, C, and D, due to loads, volume changes, or movements of + =a 
: 
lz» 
.—l 
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‘BRIDGES 
moment at cut section are shown as M,, and M,, which 
= the moments about each of the mutually perpendicular axes at point P. 
‘There i is also a normal thrust 7, a cross shear T,,, and a radial a nee T.. The 


"moment abou t the u- is indicated by a dotted ellipse. e. Although this 


¢ 


wy 
B 
/Point P 


7 


ra. 


moment is: ott large in value, the section over which it acts is the full width 7 
of the bridge, and the resulting stre stresses are very small. — Therefore, the moment — 
TABLE 1- —MomMENTS radial shear T, is also- neglected, 

’ Unrr REDUNDANTS since it results in negligible stresses. 
Table 1 shows the unit moments m at 
any section of the residual structure 
foreach unit redundant. 
q understanding of 

basic relations shown in ‘Fig. 1 


remove the source 


‘structures. if the designer masters these basic relations and can derive the 
values shown in Table 1, he has mastered the major part of all thai has been 


written on on the analysis of this type of skewed structure. 


— 

ma 
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' 
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ie 


Since the single-span hinged : skew ewed arch or or rigid-t bridge i isa sa structure 
ate in the fourth degree, Eqs. | 1 and 2 will apply. 
tem in each Eq. 2 Tepresents the deformation of the residual 


i 


ture rib from axial stress, plastic yield, ete. ), or from 

of the foundations. 

«Unit Deflections.— — -Each _ on the left side of Eqs. 2 consists of two parts, 

one a redundant and the other a unit deformation. The redundant cannot be 

= zero, but an analysis of each unit deformation will disclose the possibility — 


of making it zero. In Eggs. 2, the unit deformations become —— ents for 


the redundants, 


equation for each unit deformation may be written from 
Table 11 using the Maxwell theorem of deflection. This theorem applies to both 
the rectangular elastic system, and to the torsional elastic system. The basic. 


the rectangular | elastic sy ystem— 


én the tor: torsional | elastic. system— 


cut a radial plane through point P about t the 2 2-axis the v-axis, 
respectively. ~ Moment M, is positive when it causes the obtuse angle of the | 
os section on which it is acting to deflect toward the center of curvature, and Ms 7 
be 
is positive when it produces compression in | the extrados fibers. Sy mbols m,_ 
and m, are the moments corresponding to M, and M, when a , unit load is — 
applied : at a point ~ The factor F F "can b be computed® by t the equation: 


 § Bulletin No. 3, Faculty of Applied Science and Eng., School of Eng. Research, Univ. of Toronto, | 


ae i ‘The following equations are readily derived from Fig. 1 and from Table 1: tm 
— 
| 

| — 
— 
: 

| 


Since 6 is usually large compared to the term t) may be neglected; 
| 4 


4 

Table 2 results from substituting the values for Table Jo 1 into 6. 

the locations of the sections that contribute the part to the anit deforma- 


by sections at the: Remar ks 


= 
Crown 


| 


(6) Derormation ¥ FOR THE TorstowaL Exastic Ea. 6b) 


ies 


@| +e exsing | +er2Z(z?sin? 
 =sing +r X(sin? ¢/I) 
| + COs +1 (cos? ¢/I) Crown 
—u | | Knee bob = 
+exsing +cos@ | +erZ(xsin¢cos ¢/I) | Knee to quarter point 


« The options in Col. 4, ) NS by As/Ec-, result from substituting values from Table 1 in anal 6. 


sum and always positive, and they are of 


-— 
Defiec 
— 
bb, = 
4 bad, T 
7 
4 
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“importance. Deformation is the only unit deformation to which | both the 
rectangular and torsional elastic systems contribute a part, as shown i in Table 2, — 
aa subsequently in Eq. 18a. The other unit deformations have dissimilar | 
subscripts. 
Two unit with dissimilar. subscripts, which differ o only in 1 that 
- there i is an inversion in the subscripts, are equal in accordance with Maxwell’s 
theorem of reciprocal deflections. ‘This statement i is expressed. mathematically 
8 ban = 3s nm and several applications are shown in Table 2 - Also, as shown 
7 in Table 2 » eight of the unit. deformations may be equated to zero; Sac (= Sea), 
(= as), and (=. are > equal to 0 symmetry. The last unit deforma-_ 
- tion in Table 2, deformation 6y2 (= 6a), is made equal to 0 by the proper loca- 


_ tion of the elastic center. ee This location i is established by substituting Eqs. 3b 


— into the equation for dna _ ams of Col. 4, Table 2), equating to zero, and 


COS As _ —cos? ¢ As 


n the center line of symmetrical structures asshownin Fig-1, 
7 ‘The elastic center, as used in this demonstration, is a particular point in -_ 


“ad - “This —" center always occurs a little above the axis of the structure and 
on 


_ space which is | the ¢ end of a rigid bracket of infinite stiffness. This bracket i is 

_ attached to the structure so that, bya an appropriate transformation, the | effects | 

of stresses, which would normally result at the point of attachment, are exactly 

a peer by another set of stresses at the elastic center. This second set of 

_ stresses is much more easily determined than the set at the point of attachment. a 
A Applying the redundant B at the elastic center, the deformation B bug = 0, 7” 

q which means that the angular rotation in the direction of the redundant D is fe 


equal to zero for all values of B. Similarly, D bay = 0, reagan means pen the 


fa 


_ Rewriting Eqs. 2 }and dropping th the zero terms as sho’ shown i in| Table 2, _ 


- Eq. 0b, 


— 

a 

— 


Ve 


a Substituting Eqs. 11 into Eq. 10a, 


aa 


Bet 


At thin point, hee various factors enter into the s etaiiiin, the order of. a 
quantity should be be mentioned and some explanation given for what is meant — 
by order. many of their deriv ations, mathematicians drop differentials of 
higher: order without diminishing the value of the demonstration. Similarly, 
7 : ‘structural | engineers neglect terms w here their effect on the final answer is small 7 
and of n no practical importance. Thus, in the 1e usual analy sis of =. arches, 7 
are usually of : a different coder the deflections primary 
and therefore they are ordinarily neglected. if these factors of little impor- a. 
tance have different algebraic signs, they are compensating 2 and the order of 
their total may then change to. one of less importance. 
an that certain terms ‘oad combinations of terms tend to cancel each other. The 


A 
a 


parts that do not cancel are easily determined as secondary | effects: but they 
are usually of an unimportant nature. Thus, it is shown that the effects of 
_ skew may be found directly from the stresses determined for r the 2 corresponding 
~ rectangular structure. . . Ineffect, the latter p part of the torsional stress analysis, 
therefore, is a kind of ‘secondary stress problem, 
el It has been found, as for example i in Eq. 12, that the combination of terms 


4 which is of very little Ww hen with the vs alue 


of the 2, 000. In Eq. 12itis proper, therefore, to drop out Q: 
asitv will affect the coefficient of A by only 0. 05%. "Similarly, for rigid frames, - 
— has been found to equal almost exactly” —€. Even i in the full centered arch 


error in assuming that of little e consequence. ‘Table 3 shows: 


3.— RELATIVE OF Design Constants FOR 


ie 


‘Structure 
No. 


47°50" 1.10 111 


7 41°00" 0.8693 


~—0.8735 


36°34'33” | 0.742 | -O.771° 


the relative values of these and other for three rigid- -frame 


4 and two elliptical arches. 
without — error, 


Substituting and 15 into 12, 


— 


> 


a 


| 
. 
- 
_| 1/23,740 | 1/23,685 
5) 7 
=) 
| 
al 


Subst Ege Bi into 4b the result is the useful 
The str significance of the foregoing 1 mathematical treatment mey 
be better ‘understood by inspection. of Fig. 2(a). The ‘redundant A’ is here 
shown as turned through the angle 6, and acts along the longitudinal a: axis of 
structure. The redundant A’ is really the resultant of A and with a a 
slight excess or defi iciency. Eq. -16b means that part of force B has been used 
= thus to turn A. The he foregoing treatment isolates the effect of each redundant 
the moment M,. This ‘isolation is necessary in order to evaluate 
| 


the contribution of each redundant to the total stress. = The Ww riter believes _ 
tn that the algebraic solution is easier to understand than a a presentation i inv volving 


“skew ed redundants and skewed omnes structures. 


--vertical load at stresses at point m are Fig. 
2a) shows a square section L-L of the plan i in Fig. 2(6). _ The distances from — 
- the center line to points A and m are indicated as a and X, respectively. : ‘Fig. | ; 


indicates the m moment of the due to a 


| 
One of the most striking examples illustrating how terms combine or or cancel — - 
out is shown when Eggs. 3, 16, 18), and 19 are substituted into Eq. 17, — | 
Mo oo eAxsing — Csin¢ + D cos ¢ = = cos +eAzsing 


i 

| 
’ 
: 
a unit vertical lead at point a, 


— Csi cos — hi cos or 


= - Ah) co cos oso]. (20) 


=O and = = “1, for 


Eq. 21 indicates that influence lines for M, are not required since e they. will 
‘be the influence for ! toa scale. vertical loads, in addition 


5 Ay... 


sy  wertionl A. = 0; C= = 0. 
For Tigid- frame bridges As i is almost equal to zero; therefore (B- A) is is 
a almost equal to zero (less than 6% of €. A). Eq. 23a is found from | Eq. 16a in 


whitch the combination of terms + Qs Aa) is of — 


for 


‘torsional elastic weights | to determine Ry and Ag for vertical 
loads is s fully e explained i in the. original p paper filed for reference in the Engineering 


W. 39th St., New York 18,N.Y. 


“The Bridge," by Arthur G. Hayden and Maurice ‘Barron, John Wiley & Sons, Inc.., 


_ the vault of a mgid frame, in which sin , & 
4 4: loads the three terms within the bracket ar 
combination is even less for the vault— 
ah My = €008 6 

F and, for the legs of a rigid frame, in which cos ¢ = 0, sing = 1, and u “> _ yop 
_ Eq. 22a may be evaluated from Eq. 16b as— 
and 
— 

4 


‘SKEWE ED D BRIDGES 


earth pressure on beth. vertion! reactions are zero and the structure 
is in static equilibrium due to the application of the two equilibrating moments 
4 eW L/2, one at the left support and the other at the center line on the rigid © Paar 
_ bracket. _ The equilibrating moment is divided into two equal parts, as shown, 7 


in order that the loaded residual s\ ‘structure may be symmetrical about the 
center axis. _ The moment M,, may be determined by the shear increment. 7 
‘method, starting at the bottom of a aleg. From the v alues: of the value of 
4 Meri is found. This procedure i is part of a standard rectangular analysis v which 


— 


is is fully illustrated | elsewhere.® the torsional —— 


Moy = ( = ) — € Ww ( -x) $s We.. . . ve eevee b) 


ore, for the rectangular elastic ‘sy stem z 


and, for. the torsional clastic system, 
In Eqs. 26, F denotes a of torsion. | 
7 Substituting Eqs. 25 and 26 into Eqs. 


C=0.... 


Substituting Eqs. 24 and 27 into 4b, 


ee 


j 
7 
q 


>) 
Eq. 5a, that V = 0 for balanced earth 
_ the torsional moment is then 
Temperature Change. 4 indicates a plan of the residual structure and» 


ie also the deformed position of the residual str ucture due toa rise i in 1 temperature. 
Change in width i is 1 not important and 
therefore is not shown. Let c be the co- 

efficient of temperature expansion and ¢ be 


the temper: ature change in degrees Fahren- 
Then, referring to Fig. 4, Ae 


A= (tert +e 


and ¢ 


(h —y Qs) cos g......... (82a 


Substituting Eqs. | into Eq. 18a, 


Ww here the torsional moment M, has any practical significance, the major | con- 
tribution is from the QsctL and ‘that the second term may be 


‘SuMMaRyY OF Equartons; ‘Span, 


= 


7 
m 
Q 
° 
a 
bo 
q 
nm 
cot 
ct 
of 
oO 
ct 


elastic analysis i is because, for any point, 
stress, multiplied by a constant, yields the required torsional stress. For 
temperature change, a constant, — multiplied by u gives the re- 


quired torsional moment. Furthermore, Eqs. 27b and 31b show that the tor- 


— 
(31d) 
1 
| 


sional « cross shear T, (= B) is susceptible to. hem same treatment. The equa-— 
tions necessary for a a practical ana analysis of skewed structures are shown “a 


TABLE ABLE 4, —Equations FOR THE ANALYSIS OF SPAN | 


an Vertican Loaps” TEMPERATURE CHANGE BALANCED EARTH PRESSURE 


»........| Vsing + Acos¢ 5a + Qo (1 +e) ct Loose 5a 


29b 


rr of exact values and proposed approximations for Q: and “a ad 


are shown in Table 3. Critical examination of | the terms entering the exact 


_.* peseeenee n justify the general conclusion that neglected terms are of a a minor 


ANaLysis oF Founpation ConpiTIoNs 


—oo conditions are of particular importance for skewed rigid- frame Veen 


‘must take into account the effects of R., (= Rye’), and M, (= Re), 


; order to insure the structural action on which the analysis and design i is predi-- _ ~= 
- eated. | The foundation restraints s that are e significant are shown i in Table 5. 


TABLE 5.—S1GNiFICANT FouNDATION RESTRAIN 


7 E Se bridges and arches. In addition to R, and R, y the foundation design (see Fig. 5) 
me 


‘oundation restraint? Dead load lanced earth pressure Temperature change> 


ertical ‘reaction? 


6.7ctEe 


Be 
Lo +m 


= 


sere o for s a hinged structure. b See text for limite of Symbol Ry denotes the ve vertical 
4 reaction for the transformed structure plus the vertical effect of the redundants.§ ts i 


‘The equations are for a unit fo ot of width which must be multiplied by } in | 


order to obtain the total foundation restraints. 5 also the founda- 
tion restraints that can usual can usually be neglected. (The quantity den denotes the 


- 
| 
if q 
| 
| 


al 
— 


4 for the center leg of the double-span 
_ Values for live load may be determined by Positioning the load f for es 


M, at the crown. 


‘Fa. 5.—ANALYSIS OF Conprrions 

(a) Left-Hand Skew 

Right-Hand Skew 
(c) Isometric Sketch 
> sdf the foundation material does not provide full; restraint as as assumed, it i is 
possible to substitute the partial restraint, as a function of k (the soil modulus), 


into the equations. 7 This will result in partial fixity about the z-axis and the 


ya -axis but requires the assumption that that Kisa. known and uniform value. = F 


“4 

. 7 a 

\ ~ A FA | 
4 


DESIGN OF. REIN FORCEMENT 


A simple process s for the design of the longitudinal reinforcement is the result 


“of an approach to the problem based on the following propositions: 


1. The square-span moments (M, ) and thrusts (7,) (that is, as computed 
on. the span perpendicular to the abutments) are independent of the skew angle 


The square-span stresses for temperature change vary as the square of 

‘Using required squ: square- -span areas of steel reinforcement, a simple “turn- 
ing’ ’ process wv will give the required steel areas for the skew span—that i is, for 
bars running parallel to the skew center line. 
4, With a “turned” longitudinal steel pattern, only nominal transverse 


reinforcement, parallel to the abutments, will be required, except for 
very large skew « a very long span. . Fe or ‘single- -span structures, this limit 
— ill be about 50° a This transverse reinforcement will be amply provided for 


by 1-in.- -round rods, 18 in. on ¢ centers, as usually showr nin details for unskew ved 
‘The propositions for and multiple-span structures have 
been proved 1 mathematically and verified | by comparing the results of 1 the exact 
the simplified method of analysis : as applied to a series of hy pothetical 


i a rigid-frame bridges all having the same square span but sian skews, to a 
— 


Center Line 
of Span 


Case 1. Angle < Angle @ Case 2. a> 
for for Temperature Fall for Tem Temperature Rise 


- a number of actual bridges es proofs are not included in this paper but are | 


‘filed for reference i in in the Engineering Societies Library. = 


+ 


if 


4 
maximum of 60°. In addition, the propositions have been verified by com- 
&g 4 


8 SKEWED D BRIDGES 4 


Transformations. —Fig. 6 proposes two cases to demonstrate the “turning 
process” mentioned ‘in proposition 3. In both cases, the following equa- 


‘The : angle Vis ihe pone on of the skew an, angle 8 onto the plane tangent to the | -< 
"neutral axis at the point under consideration: a 
‘sec 


Me 


© 


‘Fig. 


— 


is employed i in the following demonstration: sails to Fig. 7, 
L 


T, =e’ on sec V = 


4 In Eq. 37b, a is the steel area Fig. 8) before turning ng and the s spacing of the he 


=) 


var must be increased to be equally e effective in resisting M.r when the io i is 
turned from its most effective direction. if the spacing perpendicular to the 
bars (that is, perpendicular to the face) is ; more desirable, either this spacing } 
must be multiplied by cos é 3 8, or the steel area must be multiplied by sec 0. 


Tke reinforcement 1s found for bending and direct stress by using the equations 
instead of numerical values. Standard nomenclature used in concrete design _ ._— 
a 
6b) 
| 
— 
= 


> 


SKEWED BRIDG 

Therefore, for a pattern in which the main steel is ; parallel to the face of the 
— amet in which the spacing | is measured perpendicular tc to the bars, 


sec v sec 


vault sections and sec V = 1 for 


legs with spacing still to ‘the 


and, for spacing along the 


= 
Explanation of the “Turning Process” for —The a area of re re- 


7 inforcing bars in the vault of the frame, as calculated for the square span, is 
in Fig. The area of the ‘ ‘turned” ‘steel bars A,r must be A,resecVin 
order to be effective in the : square-span direction after turning. 
arching of the vault (top of the frame) is small, be assumed, for 
practical purposes, equal to 0 for points i in the vault. 


bbe 


+ 


Abutment 


Note: Bars in abutment are not turned 


in 8, the spacing of the “turned” bars dr, ‘measured 
4 _ perpendicularly to the bars themselves, will be the : spacing of the unturned bars 


multiplied by cos 6. The net result of the two multiplications. is that the 


required steel area in the top of f the frame of the skewed bridge i is the required © 


oy calculated for the | square span multiplied by s sec V sec 6. At the . crown, a 


sec V sec @ will be equal to sec? 6, which for all practical purposes may also be — 


applied to the vault of rigid- frame bridges. 


i= 


— 
= 
ry 
— 
the usual rigid frames sec V = sec @ fc 
Therefore, for vault sections— 
a) 
| 
| 
oil 
7 
tm 


- tiveness i in the square-span direction but increases its effective eness in the trans- 
_ verse direction (paraliel to the abutments), as seen from Fig. 8. The resolution 
of the stress in any bar into two components is indicated, one omeouuel being 
effective in ‘resisting bending moment about the z-axis and the other being 
effective in ‘resisting the cross sl shear and the torsional moment M,. This 
is analogous to the w vedge-shaped beam in which one component of the stress 


_ in the bars resists bending and the other component resists shear.’ —_ 
of the “turned” ade in transverse direction, 


‘The i increase in steel areas contingent on the “turning” process does not 
apply to points in the vertical legs. For these points, the steel areas as caleu-_ 
lated for the ‘square span (Eq. 39¢) ar are correct fo for the ‘skew structure, with: the 
use 


al 


spacing of bars as discussed. 


EXTENSION TO. DovuBLE-SPAN _BripGes 


_A practical analysis results if propositions 1, 2, 3, and 4, which were: de- 


‘veloped for “span structures, » are to double- “span skewed struc- 


with: a center as a flexible bracket. A of loads is 
applied to the end of this bracket and these loads are of such value that they | 

exactly replace the reactions of the o original structure. This» transformation 
makes logical the application of the principles of single-span analysis to double- 


“*Concrete Engineers’ Handbook,”’ by G George A. , Hool and Nathan C. C. Johnson, Me Book 


Co., Inc., New York, N. Y., 1919, p. 314. 


* 


= ctiveness of the nominal transverse reinforcement, are sufficient to take — 
eof 
— 
- +x - : 
a 


“span skewed structures. _ The validity of this logical application has been 
checked by analyzing, ‘independently, the ‘rectangular elastic system for the 
“rectangular redundants for a unit vertical influence load and by comparing the — 
answers with those of the precise analysis. The precise analysis consisted | 
_ the solution of two o sets of simultaneous equations. Each set contained s six — 
elastic equations, and the analysis is similar to the method proposed ay oe. . 
= in 1931 , modified to apply to hinged foundations. 
AY simpler analys sis of the double- -span n structure is indicated in the e following 
_ demonstration. _ Fig. 9 show s the most et advantageous residual str structure because 
is ‘symmetrical. _ 
‘TABLE 6. at A GIVEN. Section To 


| 

—y|—ezsing 


—y|— €ezsin ¢|- 


4-8 +y 


4-5 —y —exsing 


‘Table 6, similar to ‘Table 1, the moments a at each section of the s struc- 


The location of the sections is eon in 1 Fig. .. For the general ca case, e, there are aie. ©. 
redundants and r nine simultaneous which are as follows: 


af 
+ H + J 80; + Me. .(400) 


+D Sea + E Bcc 


G bay + H H Sch + (400) 

= t Bi Bou + + C bie D +. F 
540 + H ban + J 5a; + Aa.. (40d) 
8**An Analysis of Multiple-Skew Arches on Elastic Piers,” by J. Charles Rathbun, Transactions, 
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7 =0= + C + D bya + E +. Pig 


(40h) 


+ + As. .(403) 


_ For symmetrical structures, the dead load, the balanced earth pressure load, 
-" the temperature change effects are symmetrical. Only the applied live -¢ 
load can be unsymmetrical. It is obvious from Fig. 9 that for a symmetrical, 


double-span structure to symmetrical loads the redund: ants are 


4 


and 
‘Fig. 10 shows the residual structure with the applied symmetrical redundants, 
Eggs. 41 indicate, from symmetry, that the center post is subjected only to 
the vertical rectangular reaction C and that no torsional stresses exist for the 
center post sections. _ Thus, for symmetry, the nine el: lastic equations (Eqs. 40) 
are reduced to five elastic equations (Eqs. 43) written for five > redundants, | two 


being rectangular and three torsional. 


Eq. 40a is is added to Eq. 408, ‘Eq. 40d to Eq. Eq. 40f to Eq. 409,: and 
Ed. ‘40h to ‘Eq. 403, five elastic ‘equations may be written for symmetrical 
structures symmetrically loaded. If the conjugate redundants from Eqs. 
are: substituted into the five and conjugate deformatior 


=0 
& 
— 
— 


(Qu A+ Qs C+ QuD D+QsF+QeH=—A 


Qn c +O D + Que F Qu H 
Qu A + + = 


Qu. + Qual D + Qss. P+QsH = 


In Eqs. 42 the conjugate ¢ deformations are written from the same ne formule ‘ _ 
«, and the sum of any two conjugate deformations may be found by including the * 


4 new sections— —that i is, ‘summing up within the new limits. of 


if 


= 


“tion results in a practical solution whereas of 
: five equations results in a precise solution. _ The logical conclusion is that the 


Same precision exists for the exists for the single span. 


D+ Qu F + H ~ — Qs (436) 

Qu D + Qe + Qe H = — An Qe A Qi 


ot only three s simultaneous equations are required tc to bes solved for an exact 


loading Of is not required unless the hes 
7 been exceeded. It is estimated that more than 60% of all double- -span, skew ed 


and arches have less than critical skew. 
_ Live load may be applied as an unsymmetrical load, but by: a tri transformation | es 
ij ti is possible to convert the 2 unsymmetrical applied load into two elements w hich a +4 
_ are symmetrical. Consider Fig. 11 which shows an unsymmetrical load P — 
applied at point m. Fig. 11(a) shows a pair of loads applied symmetri- 
-eally. Fig. 11(b) shows another pair - of loads, P/2 and - —P/2 applied as shown n. 
7 Combining th the loadings i in ‘Figs. 11(a) and 11), the result i is exactly t the un- 


symmetrically applied load . Pof Fig. 11(c). 


This transformation is “particularly useful wh hen the analysis is one of 


the moment. distribution methods. Such methods usually distribute 100 
units” or 1,000 units of moment applied at the center joint, and this distribu- 


will quickly, yield the e required values for the moment, P to 


approximations have been uncovered by isolating and 
_ individual elements. s. Among the more useful approximations are the — Be - 
ing, which eliminate considerable computations. 
= has been observ ed that the element Qs) i in Ea. “may 
approximated as ( (ye which Ye is the -value for 


sg 
Qa) 
7 and 
— 
4 | 
. 
7 — 
; 
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TABLE 7 —Scuepute OF ‘ConsveaTE DEFORMATIONS 


CoerFrFI- ELEMENT 
CIENT 


+H 


to] 


(Gz sin ¢ cos $) 


Oo 


ce 


Sections 1-2-3~ 3-4- 8 AND 8-4-5-6-7, Fia. 9(a), ConTRIBUTING ‘TO ToTaL 


(G u?) - 
the computation for hand Q3. inspection of Eq. 14e Table 2, 


iti is observed that the legs of a rigid frame contribute nat the entire value 
os A of Qs; and therefore, with little error, 


=> 


“(The constant nt multiplier is n is not shown it in 44. The summation is for the 


= 
Qu bad 56d 0 0; 0 | 0 
Qis | doh | dda | 5a; | | € 2 (Guarsind) ket =G\ +8 
Qzo | Sch | Ses £ 
7] 
im 
= 
— 
— 
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This method of analysis may be skewed structures of more than 
‘two. ‘spans. The method given ‘satisfactory results for a triple-s “span, 
skewed, rigid- frame parkwa: ay uy bridge. 


Ry 


‘The free body diagram ine! in Fig. 12 is the same for either single- -span or 
multiple- “span structures, ¢ and ind therefore any equation wr written for this free body © 


> is valid for all structures. As a result the stress equations and the design 7 


_ procedure for the single- -span skew ed structure may b be applied to setae span 


It been stated that, if the is paralle lel 


‘to ) the face of the bridge, on only n nominal reinforcement in the transverse direction — 
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(parallel to the be will now be 
examined, and its limits will be determined by analyzing ¢ each wegen that t enters | 
into the design of the transverse sseanaemanaeliiaen critical section is at 


_ The design moments, ‘Mr, and cross sia Tr, are found from the trans- 

f For all the applied loads, Mr. and T7, for the crown section, are 

= negligible. "The s stresses due to temperature c change (see T Table ‘8) are the only 

TABLE 8. 8. —STRESSES FoR DesIGN OF TRANSVERSE REINFORCEMENT 


Live load plus i impact. Me 


- significant stresses. The values from Table 5 are used to determine the the crown 


P The next step is to find the w unit s stresses he the crown n section due t to Mr 


and Tr. The unit shearing stress 1; due to the torsion moment Mr may _ be 


found from the relation (see Fig. 13): 


_in which the k has been in Fig. 13. For 

- values of b/t greater than 6, the Saint Venant expression for & is more accurate 
9.—DESIGN OF TRANSVERSE REINFORCEMENT (SEE. Fic. 14) 


oneron | Direct | 

TORSION | GueaR ~ Gzoueratc 


UE 


— 


> NOOwob: 


_ 


Center-line point for single span. Other points for double-span bridge. 


; ion the Merriman value of 4. 4.5. = ‘The! latter i is applicable only for values of b/t + 


less than 2. In general, for barrel arches and rigid-frame bridges, the ratio of b/t 
is alw ays g greater than 16, and & =3, in Eq. 45, is sufficiently accurate. » The cross _ 


ey 


ort 


— 
4 
 &§ 
> 
ie 
|. 
— 
| 
4 | 36. 52.2 | 15.5 | 0.02 
= 27 33.1 | 10.6 |0.31 | 0.30 
| 20 223 | 7.0 |0.81 
23.8 | 40 |0.016 | 0.008, 
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& Tr produces unit shearing stresses which are distributed parabolically 


7 . th a maximum of 1.5 times the average stress. ¥ The formulas s and ik 
ralues for several typical design sections are shown in Table 9. >. The allowable 


unit Stress, Ye, in the concrete (see Fig. 14) is taken as 112 lb per sq in. in. which is 


Za 
3 3. 
7 
| 
‘ 
COMPARISON OF TORSION FORMULAE 
_ the normal unit stress of 90 lb per sq in. increased by 25% (90 X 1. 25) beeause m4 7 
temperature stress is included. The area A is found by equating the moment 
Of the | shear wedge abe, Fig. 14, about the neutral axis, to the ‘moment of ay 7 
The area is found by equating the shear wedge to Referring 
to Fig. 14, the respective columns i in Table 9 are computed by following 
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In Col. 13— 


0 ol. 14— 


and, i Col, Col 


“In Eqs. 48 = = 18, ,000 X 1.25 = 22! 500 Ab per sq in. The transverse 
~ area used is the larger of the two areas, and it is used in both faces. 


Neutral_ 


Caden and specications for poy do not i impose a a limit for the maximum 


<@ combined shears due to torsion and direct shear ae ore in flat slab design. 
‘For flat slabs, beams at walls and openings, torsion shear plus direct shear, w eb 
reinforcement, and longitudinal bars specially anchored, the maximum allow-_ 


able unit shearing stress for 3,000-lb concrete is 450 Ib persqin. With a 25% 
_ increase for the inclusion of temperature stresses, the maximum allow able unit 


7 shearing s stress would be 450 X 1.25 = 562 Ib. per sq. in. This maximum ‘unit. 
shearing stress for rectangular sections in the these 


the tentative conclusion that the limit of as determined the maxi- 
mum unit shearing stress is close to the limit determined by nominal transverse 
_ Teinforcement (0.50 sq in. per ft). A more complete | demonstration and several — 


numerical examples® have been filed for reference i in Societies 


‘It hes been demonstrated that for all practical asia purposes: - 
1. With few exceptions, the rectangular elastic system is independent of — 
‘the torsional elastic system; 
The r rectangular redundants and the rectangular stresses for all applied 
loads are independent of the torsional elastic system, and independent of the 
“3 Torsional redundants and torsional stresses for applied loads are a linear — 


"function of the tangent of theskew angle; 


“Standards of Design for Concrete,” No. of Yards” and Docks, 8. Navy Dept., 
Washington, D. C., 1929, 8-13d. 
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* Conclusions 1, 2, and 3 are true for all the usual shapes 0 of skewed, iit, 

arches or double-span arches and rigid-frame bridges, and also true for all 


applied direction or the point of application of the 
rectangular redundants to temperature change vary as the 


In addition to conclusions 1 to 5 the following important conclusions ns may oe 
be written for the ‘practical application of the method: 


ioe The torsional stresses may be written directly from the ‘rectangular 


stresses by ‘multiplying : an appropriate rectangular stress by an appropriate 
eliminating the torsional 


torsional stresses may be wr ritten on with asa parameter rand thereby 


= represent the torsional stresses for a family of skewed structures; a 
—  -§. All | rectangular a1 and torsional stresses, other than those due to volume | 


change or foundation yield, are independent of Poisson’ s ratio (that ‘is, 


E./E, = x, since = 2 (1 + 
_ 9. All torsional stresses, other than those due to v volume « change or founda- a 
tion settlement, are independent of the formula used to compute the value of © 
 -F (orr), providing that F is a linear function of b, the width of 1 the structure, 
in and further providing that F is independent of the ratio of b/t within the 


appli ied range; 


10. method that will determine t the rectangular stresses satisfactorily 
may ‘be used as the basis for determining the torsional stresses (such other 


methods include moment distribution and slope deflection); 
~~ Inasmuch as A, is a parameter in the demonstration, the analysis is 


valid all span lengths; 


= 


For extreme skews, 8, slong ‘spans, or multiple spans t the shearing stresses 


ows the seapeealion of this paper the writer has receiv ed i impor tant assistance | 
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“APPENDIX. UN NOTATION 


The following letter ‘symbols, 3, adopted 
gu guidance of discussers, conform essentially with American Standard Letter - 
_ Symbols for Structural | Analysis aiaailiniaed 8—1949) prepared by a Sectional 


% 
= | 
+ 
3 
— = 3 is required, and the 
_ Tongitudinal steel may be determined from the rectangular design using the = Be 
a 
&§ 
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— Committee of the American Standards Association, with ASCE Participation, 


and ‘approved by the Association in 1949. In yramenrsy point P designates any — 

spot on the neutral surface of an arch ring which is halfway between the 

a walls. The neutral surface i is assumed to be midway between —. 

subscript identifies the main symbol with the rectangular elastic 

s T, similarly, with the torsional elastic sy stem or in transverse command 


demonstrated in the text. 


Ae = area; cross-sectional area as s further defined by 8, denoting 


steel reinforcement” and, c, denoting “concrete” 


A — of four redundants (A, BC, and D) introduced in the design of : a 
™ single-span structure as shown in Fig. 1 and one of nine redundants 
(A, B, C, D, EB, F, G, A, and J) introduced in the design of a 
double-span skewed structure as shown in Fig. 8; ; A’ = a resultant 
- of redundant A and € A in Fig. 2(a); and subscripts L and R 
denote “left” and ‘ ‘right,’ respectiv ely; 
a=an az-distance measured from the center line of a beam to the point of. 
application of a unit load (see Fig. 2(d)); 


= design constants in Table 9, distinguished by ee 

and defined | by E 47 (see also Figs. 7 and 14); 

pe a redundant design factor ‘(see under A); 

b= = width of an arch ring measured parallel to the z-axis a the skew) 
(Figs. 1,5,and 13); 


C=a a redundant design factor (see under 
= coefficient of thermal expansion =0. 0000005;, 


«Ds = a redundant design factor (see | under A); . 


= effective depth of a ‘concrete s¢ section (see Fig. 7); 


7 E = modulus of elasticity, with subscripts ¢ c and s to eed “ane and 


redundant design factor (see under A); 


= eccentricity of reaction R, (Fig. 5 5 


"= the factor of torsion 7); 


gral 
= fiber stress in ‘einforeed concrete design, the subscripts 8 and co 


identifying “steel” and ‘ “concrete,” ’ respectively; 
= a redundant design factor under A); 


an elastic element defined as G = = an elastic element defined 


He = a redundant design factor (see under A ): 
8 = - the vertical distance from the z-axis to the ‘elastic center at which h the i 


redundant Bisapplied; 
: xual of inertia of the area of the section cut by a radial pla <—— 
through point P and parallel to the axis of the abou out 

a horizontal line through pe P and lying in the radial plane a 


— 
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indant factor (see | 


=ar 
= pr oportion bl effective depth; 
so 


ES ink kips, exerted by the soil on a "a ourface 1 ft ft square which, is dis 


placed normally a distance of 1 in.; 


constant in torsion formula (Eq. 45) (see also Fig. 13); 


of f the: surface measured on 1 the square; 


acting on the surface cut by through point Pp 
the y-axis and the z-axis, , respectively (M, being positive when it | ee 
_ causes the obtuse angle of the section on which it is acting to— 
- deflect toward the center of curvature, and M, being positive when 
it produces comp compression in the prea fibers); M, is the torsional — 
moment (M, in ‘Fig. 1 and M, and M, in Fig. 
mam moment resulting from a unit load applied at a point m; m., Me; Many 
Mos are the components of the moments corresponding to. 
and Moz w vhen a unit Toad i is at m; 


n 
n 


Q=s appropriate nu 


resultant forces or venation identified by 
ete., to a given axis; 
rst an element in Eq. 8 
As = the length of an elementary parallelopiped | measured, on the square, 
: along the neutral surface (see Fig. 1); | and ds is the differential | 


length of an n elementary parallelopiped me measured, on the square, 
i = = one half the span length, on the square, of an arch (Fig. 2); 


T= resultant thrust on as section along an axis identified by 


= = thickness (Figs. 1 and 13 and Eqs. 45 and 46); 
wu = the coordinate of the elastic center referred to the t tangent and radial 
ee planes through point ? and parallel to the plane z = 
. : parallel to the radial plane (the sign is fixed by Eq. 3b); 
q = a dimension defined aszsing +ycos¢(Fig.1); 
a = projection of the skew angle @ onto the plane | tangent to the | neutral 
- v = unit shearing stress with subscripts as - shown i in text (see see also ' Table “a 


7, Eq. 46c, and Fig. 14); 


= ordinate (see under x); 


— | 
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e re- 


4 “scripts a, b, and d, and in the direction of the 
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slope ope of a foree | (Fig. 6); 
_ A = deformation; the deformation of the residual at the point 
application of the redundants A, B,C, and D (identified by sub- 
- dundants A, B, C, and D, due to applied loads, volume changes, or. 
yielding of foundations; ; subscripts Land T denote 


and “transverse,” ” respectively; subscripts R and T denote tre 


tangular’ and “ torsional,” respectively; 


unit deformation; aa, Ste, aNd dag = - the deformation at the pc point 
application in the direction of the redundant indicated by the 


- first subscript, due to a unit load (or unit moment) acting at the _ 
point of application and in 1 the direction of the redundant indicated — 1 
by the second 1 subscript; 


«tn e tangent o: of the skew angle which is ‘is always p positive; 7 


= modular ratio, B/E, = (1 for concrete, 2.30; 


= 


= skew angl 


Il 


the angle of the slope of a plane tangent | to the neutral surface surface. at 
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